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INEQUALITIES FOR NUMERICAL INVARIANTS OF SETS
OF MATRICES
JAIRO BOCHI
Abstract. We prove three inequalities relating some invariants of sets
of matrices, such as the joint spectral radius. One of the inequalities, in
which proof we use geometric invariant theory, has the generalized spectral
radius theorem of Berger and Wang as an immediate corollary.
1. Introduction
Let M(d) be the space of d×d complex matrices. If A ∈M(d), we indicate
by ρ(A) the spectral radius of A, that is, the maximum absolute value of an
eigenvalue of A. Given a norm ‖·‖ in Cd, we endow the space M(d) with the
operator norm ‖A‖ = sup {‖Av‖; ‖v‖ = 1}.
For every A ∈ M(d) and every norm ‖·‖ in Cd, we have ρ(A) ≤ ‖A‖. On
the other hand, there is also a lower bound for ρ(A) in terms of norms:
‖Ad‖ ≤ Cρ(A)‖A‖d−1, where C = 2d − 1.(1)
In particular, if ρ(A)≪ ‖A‖ then ‖Ad‖ ≪ ‖A‖d.
Inequality (1) is a very simple consequence of the Cayley-Hamilton theo-
rem. Indeed, let p(z) = zd − σ1z
d−1 + · · · + (−1)dσd be the characteristic
polynomial of A. Since p(A) = 0,
‖Ad‖ ≤
d∑
i=1
|σi| ‖A‖
d−i.
Since the σi are the elementary symmetric functions on the eigenvalues of A,
|σi| ≤
(
d
i
)
ρ(A)i ≤
(
d
i
)
ρ(A) ‖A‖i−1.
Therefore (1) follows.
The spectral radius theorem (for the finite-dimensional case) asserts that
ρ(A) = lim
n→∞
‖An‖1/n.(2)
The formula above may be deduced from the inequality (1), as we now show.
Since ‖An+m‖ ≤ ‖An‖ ‖Am‖, the limit in (2) exists (see [PS, problem I.98]);
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